The present article is one of a number of articles in which the authors study the properties of integro-differential splines. The paper deals with the construction of integro-differential polynomial and nonpolynomial splines of the fifth order. The order of approximation with integrodifferential polynomial and nonpolynomial splines of the fifth order are given. We use the tensor product of polynomial and non-polynomial splines constructed in this paper for the approximation of functions of two variables. The results of these numerical experiments are given.
Introduction
There are certain problems in the fields of mathematics, mechanics, physics and engineering that can't be solved without using of splines. Nowerdays many splines are known, including cubic, bicubic and biquadratic B-splines, trigonometric, orthogonal splines. Those splines are applied to the construction of curves and surfaces, for the designing of ship hulls, for the transformation of a sound signal's frequency [1, 2, [6] [7] [8] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
Kireev V.I. became the first to use values of one-variable integrals of a function over subintervals for the construction of approximations. As is well known, the one-dimensional case can be extended to multiple dimensions through the use of the tensor product spline constructs [3, 4, 9] .
In the present paper we discuss the construction of the polynomial and nonpolynomial splines which use three integrals over subintervals in addition to the values of the function in the nodes. As in previous papers, we construct the approximation separately for each subinterval. As usual, local spline approximation uses values of the approximated function and, sometimes, values of its derivatives.
Constructing polynomial integro-differential splines
Suppose that n is natural number, while a, b are real numbers. Let {x j } be points of interpolation,
For constructing the approximation of the function f (x) in the interval [x j , x j+1 ] we need to know the values of the function f (x j ), f (x j+1 ), and
We denote f (x) the approximation of the function f (x):
Here ω j (x), ω j+1 (x), ω <−k> j (x), k = 1, 2, 3 are the basis functions which are obtained from the following system of equations:
Suppose that
The system of equations can be written in the form:
4 . The value of the determinant of the system is the following: det = −222h
13 /5. If we put x = x j + th, t ∈ [0, 1], than we can get the basis functions as follows:
Figures 1-3 show the graphics of the basic functions ω j (x), ω j+1 (x), ω 
. . , n−1. Now we can obtain the order of approximation of (1), (3)- (7), we have: 
Proof. From (3)- (7) we obtain:
We obtain (8) using the Taylor formula in the vicinity of point x j in the interval [x j , x j+1 ], and (10), (11) . The inequality (9) follows from (8). Table 1 shows the errors R = max Table 2 . 
Non-polynomial integro-differential spline constructing
As in the previous section suppose that we know the values of the function f (x j ), f (x j+1 ) and
We denotef (x) the approximation of the function f (x):
where ω k (x), k = j, j + 1, ω <−s> j (x), s = 1, 2, 3, we obtain from
Let us examine the approximation for the following functions ϕ i (x): (12), (13) we have the error estimations:
x , e −x , e 2x , (15) where ϕ i (x) = 1, sin(x), cos(x), sin(2x), cos(2x),
where
Proof. We consider (16) more detail. The proof for the others two are similar. The function f (x) in the third case (as was shown by the author at the conference in Gdansk, May, 2014 [5] ) in [x j , x j+1 ] can be represented in the form:
where c i , i = 1, 2, 3, 4, 5 are arbitrary constants. Using the inequalities
we obtain:
[x j−3 ,x j+1 ] . Table 3 shows the actual errors of the approximation of f (x) by the nonpolynomial splines in [−1, 1], h = 0.1. The approximations were constructed using the functions ϕ i (x). Here we use the next notations for the errors of approximations: 
The approximation of functions of two variables
Suppose that n, m are natural numbers, while a, b, c, d are real numbers. Let us build a grid of interpolation nodes:
Consider a rectangular domain Ω where
We introduce a mesh of lines on Ω which divides the domain Ω into the rect-
If (x, y) ∈ Ω j,k then we put 
Conclusion
Here we constructed the approximation using the values of integrals of the function over the subintervals immediately to the left of this subinterval. Further, we will investigate in detail the construction of the approximation of a function in subinterval using the values of the function in the ends of the 
